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Abstract. We study almost Hermitian 4-inanifolds with holonomy algebra, 
for the canonical Hermitian connection, of dimension at most one. We show how 
Riemannian 4-manifolds admitting five orthonormal symplectic forms fit therein 
and classify them. In this set-up we also fully describe almost Kahler 4-manifolds. 
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1. Introduction 



! The existence of orthogonal harmonic forms on an oriented Riemannian four- 

manifold {M'^,g) typically encodes relevant properties of the metric. An orthonor- 
mal frame of closed 1-forms, for instance, will flatten g. 

Also closed, orthonormal 2-forms impose severe constraints on {M'^,g), essen- 
tially according to the choices of orientation available. Many cases have been ad- 
dressed in the literature: couples or triples of this kind, defining the same orienta- 
tion, were studied in [25l [T9| |20 ] . whereas pj)j dealt with pairs of oppositely-oriented 
symplectic forms. 

The aim of this note is to consider smooth Riemannian manifolds {M^,g) ad- 
mitting a system oi five symplectic forms {uk, 1 ^ ^ 5} such that 

(1.1) g{uJi,Uj) = 6ij i,j = l,...,5. 
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As we will see in section |21 equation f ll.ip is equivalent to considering, on a 4- 
manifold M, a so-called 5- frame, that is five non-degenerate 2-forms satisfying 

(1.2) coi A Uj = ±5ij Au5 i, j = 1, . . . ,4 

at each point of M. A closed b- frame is a 5-frame of symplectic forms. It is known 
that if Wi, . . . , cje is an orthonormal frame of closed 2-forms then the metric g must 
be flat, a case we will exclude a priori. 

It is easy to see that, up to a re-ordering, three of the 2-forms are anti-self dual, 
and furnish a hyperKahler (hence Ricci-fiat) metric g. The 2-forms remaining in 
the frame are selfdual and give a holomorphic-symplectic form: this in turn yields 
a complex structure J, for which g is necessarily Hermitian. 

Our first result is 

Theorem 1.1. Let {M,g) be a non-fiat Riemannian 4-manifold equipped with a 
closed 5-frame. Then 

(i) there exists a tri-holomorphic Killing vector field for the hyperKahler struc- 
ture; 

(ii) (M, g) is locally isometric to IR+ x iVi]^ equipped with metric 

dt' + {ltf/\al + al) + {ltr'/'^l 

where {cTj} is a basis of left-invariant one-forms on the Heisenberg group 
Nil^ satisfying doi = da2 = 0, da^ = o"i A o"2. 
Moreover the 5-frame is unique, up a constant rotation in 0(3) x f/(l). 

We are thus dealing with Hermitian, selfdual, Ricci-fiat surfaces, classified in 
[3j. To prove theorem II. II we need to determine, first, which metrics in [3] admit a 
holomorphic-symplectic form, and then determine that form explicitly. 

The technique used for the proof is indicative of another point of view for looking 
at closed 5-frames, namely that of holonomy. We prove that the curvature tensor 
R of the canonical Hermitian connection of {g,I), cf. section [3l is algebraically 
defined by the structure's Lee and Kahler forms (proposition 15. ip . This is used 
to show that the holomorphic Killing field X, coming from the Goldberg-Sachs 
theorem [231 12] for Einstein- Hermitian metrics, is actually tri-holomorphic for the 
hyperKahler structure. This proves part (i), and as a consequence, we know that 
g is essentially described by the celebrated Gibbons- Hawking Ansatz. 

By changing the sign of I on the distribution spanned by X, IX we obtain a 
Kahler structure {g, J) with 'negative' orientation. This allows us to use |31 Thm 
1], and eventually the metric g is given as in (ii). Note this is a cohomogeneity-one 
Bianchi metric of type II (see [26] for details). 

The holonomy approach to close 5-frames leaves much space (section [5]) for 
investigating almost Hermitian 4-manifolds (M, g, I) for which the holonomy group 
of the canonical Hermitian connection is 'small': since this has dimension bounded 
by four, small will mean of dimension zero or one. Then there are three possibilities 
for the two-form corresponding to the holonomy generator. It can vanish identically. 
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in which case we prove g must be flat (theorem 15. II) . generahsing earher results 
[SI [H]. It can be proportional to the Kahler form cj/ of {g, I), and this is precisely 
the set-up of selfdual Ricci-flat 4-manifolds (proposition 15. ip . In the third case 
the holonomy generator has a component orthogonal to uj that defines a Kahler 
structure reversing the orientation. In this situation almost Kahler structures are 
explicitly classified (theorem l5.2l) . The corresponding examples are build deforming 
the product of with a Riemann surface, in the spirit of [5j . 

2. Two-forms on 4-manifolds 

Consider a smooth oriented Riemannian 4-manifold {M,g). The Hodge star oper- 
ator -k acting on the bundle of two-forms is an involution, with the rank-three 
subbundles of selfdual and anti-selfdual 2-forms = ker(*=p JdAz) as eigenspaces. 
The resulting decomposition 

(2.1) A2 = A+©A- 

is loosely speaking the 'adjoint' version of the fact that 5o(4) = so(3) ©so(3) is 
semisimple. 

Now let / in T*M TM be an orthogonal almost complex structure, that is 
I^ = ~IdTM, g{I-,I-) = g{;-). 

The Kahler form uj = g{I-, ■) is non-degenerate at any point of M, and induces, 
by decree, the positive orientation: uj = vol{g). The almost complex structure I 
extends to the exterior algebra by 

{Ia){X,,...,Xp) = a{IX,,...,IXp), 

where a is a p-form on M and Xi, . . . , Xp belong to TM. We shall work with 
real-valued forms, unless specified otherwise. Notation-wise, O** : TM — )■ A^M is 
the isomorphism induced by the metric, with inverse ()". 
The bundle of real 2-forms also decomposes under (7(2) as 

(2.2) A^ = X'''®X\ 

where A^'^ denotes /-invariant two-forms, and anti-invariant ones. If {uj) is the 
real line through uj we further have A^'^ = (oj/) ©Ag'^, where the space of primitive 
(1, 1) -forms Aq^ is the orthogonal complement to {uj) in A^'^. The real rank-two 
bundle A^ has a complex structure la = a(/-,-) that makes it a complex line 
bundle isomorphic to the canonical bundle of {M,I). So in presence of an almost 
Hermitian structure. A"*" splits as 

A+ = {ui) © A^ 

under U{1) and comparing f l2.2p and 02. ip leads to A~ = Aq'^. 

Slightly changing the point of view, we briefly recall how to recover a conformal 
structure in dimension four from rank three subbundles of two-forms. Consider a 
smooth oriented manifold M of real dimension four with volume form voi(M). The 
bundle A^M possesses a non-degenerate bilinear form q given by 

a A/3 = g(a,/3)vo](M) 
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whenever a, {3 belong to A^M. Any subbundle E of A^M of rank three and maximal, 
in the sense that q^^ is positive, determines a unique conformal structure on M 
such that E = K^M [24j. The proof of this descends from the fact that q has 
signature (3, 3) and that at any point a; of M the set of maximal subspaces of 
h?TxM is parametrised by 

GL(4,R) ^ SL(4,C) ^ SOo(3,3) 
CO{A) S0(4) SO(3)xSO(3)' 
Here C0(4) = x S0(4) is the conformal group. In particular 
2.1. Lemma. A closed 5-frame on a smooth A-manifold determines 

(i) a Riemannian metric g such that 

(2.3) span{uji,uj2,i03} = , {cu4,u;5}cA+, 

up to re-ordering; 

(ii) an orthogonal complex structure I defined by = uj4^{I-, ■). 

Proof, (i) The Ui are linearly independent as the metric q is neutral; for the same 
reason in (11. 2p there are effectively 3 minus signs and 2 pluses|l| eg = = u}^, 
and in the chosen conformal class there exists a unique Riemannian metric g such 
that {uj^jU^} are orthonormal, so that —uf = = a;|. 

(ii) The closure of U4 and implies automatically that / is integrable [25]. □ 

The convention throughout this note will be that of (12. 3p . Then the fundamental 
form uj = g{I-, ■) G A"*" completes the 5-frame to an orthonormal basis of A^. When 
the metric g is flat the forms 004, must be parallel for the Levi-Civita connection 
of by a result of so from now we consider non-flat 5-frames, that is g will be 
assumed not fiat. 

Since the triple {a;i,a;2,W3} defines a hyperKahler structure, the metric g is 
Ricci-fiat and selfdual. By lemma [2m the classification of closed 5-frames amounts 
to that of Ricci-fiat, selfdual Hermitian structures {g, I) equipped with a complex 

2 

symplectic structure, that is a closed, constant-length two-form oOi+iu^ in A/ M = 
A2(M,C) nlcer(X + 2z). 

The article [3j contains the complete local-structure theory for Ricci-fiat, self- 
dual Hermitian surfaces; to locate closed 5-frames in that classification we will set 
up, in the next section, an equivalent curvature description. Before doing so we 
remind that Gibbons and Hawk;ing [21J have generated, locally, all hyperKahler 4- 
manifolds admitting a tri-holomorphic Killing vector field using Laplace's equation 
in Euclidean three-space. We outline below their construction to show how closed 
5-frames fit therein. 

Talce a hyperKahler 4-manifold {M'^, g, Ji, J2, J3) with a vector field X such 
that LxJi = 0, 1 ^ z ^ 3 and Lxg = 0. Choose a local system of co-ordinates 
{u,x,y,z) on M with X = and where x,y,z, given by Xjojj^ = dx, etc., are 
the momentum maps. In these co-ordinates the metric reads 

g = U{dx^ + dy"^ + dz^) + U'^^du + e)^ 



or the other way around, but we will suppose three minuses. 
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where U{x,y,z) = \\X\\ ^ is defined on some domain in and the connection 
one-form is invariant under X and such that 0(-^) = 0. The fundamental forms 
of {g, Jfc), 1 ^ z ^ 3, 

wji = Udydz+dx{du+Q), ojj^ = Udxdy+dz{du+Q), ojj.^ = Udzdx+dy{du+Q) 

are closed if and only if O satisfies the monopole equation dQ = -k^adU. In particular 
U is harmonic on some open region of M^, and conversely such a function completely 
determines the geometry as explained above. 
Moreover the (non-necessarily closed) forms 

w/j = Udydz—dx{du+Q), uj^ = Udxdy—dz{du+Q), oji.^ = Udzdx—dy{du+Q) 

are orthonormal and yield a trivialisation of A+. 

Example 2.2. Imposing the forms uj-^ and Uj^ be closed forces Ux = Uz = 0, so 
U = ay + bfoT real constants a, b; one can explicitly take 6 = ^{zdx — xdz). In this 
situation uj^ and ui^ build, together with cjj^, 1 ^ A; ^ 3, a closed 5-frame, which 
is not fiat for a 7^ since dui.^ = 2adxdydz does not vanish. 

Roughly speaking, theorem II. II explains why this example is no coincidence. 

3. The curvature of the canonical connection 

In order to characterise closed 5-frames in terms of curvature we need some facts 
from almost Hermitian geometry; this will serve us beyond the 5-frame set-up as 
well, so the presentation will be general. 

Let {M'^,g,I) be almost Hermitian. The Levi-Civita connection V of g defines 
the so-called intrinsic torsion of {g, I) 

r; = i(V/)/G A'®Al 

Its knowledge is the main tool to capture, both algebraically and not, the geometry 
of almost Hermitian manifolds: indeed, the components of i] inside the irreducible 
[/(2)-modules into which ® decomposes determine the type and features of 
the structure under scrutiny (eg Kahler, Hermitian, conformally Kahler and so 
on). When indexing a differential form with a vector we shall mean (3x = X_i j3 = 
(3{X, -,...,•), and in particular rjx = |(Vx-^)-^- 
The canonical connection ^ 

V = V + r/ 

of the almost Hermitian structure {g, I) is a linear connection that preserves 
Riemannian and almost complex structures, Vg = and V/ = 0, hence it is 
both metric and Hermitian. It coincides with the Chern connection (see [18]) if / 
is integrable. Since the torsion tensor T of V is given by 

TxY = r]xY - r]yX 

for any tangent vectors X, Y, we have 1] = if and only if {g, I) is Kahler. 
The canonical Hermitian connection naturally induces an exterior derivative on 
bundle- valued differential forms. For instance if a belongs to A^(M, A^), we have 
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(Fa{X,Y) = {Vxa)Y - (Vya)X for any X,Y in TM. On ordinary differential 
forms one defines : AM — )■ AM in analogy with the usual exterior derivative, 

that is = Ci A Ve^ where {cj, 1 ^ i ^ 4} is an orthonormal basis of each tan- 

i=l 

gent space. If the action of T on some 1-form a is defined by {Ta){X, Y) = a(TxY) 
for any X, Y in TM, we may compare differentials 

d'^a = da — Ta. 

Given a local gauge Ji, that is a locally-defined orthogonal complex structure such 
that III + III = 0, we define I2 = hi, and write 

(3.1) V/ = a ® /2 + c (g) /i, or equivalently 2r] = —a ® Ii + c® I2, 

for local 1-forms a, c on M. The curvature tensor G ® A^'^ of the canonical 
connection, defined by R{X, Y) = — [Vx, Vy] + V[x,y], X, Y in TM, has in general 
not all of the symmetries enjoyed by the Riemannian counterpart R. It fails to be 
symmetric in pairs, and does not satisfy the first Bianchi identity, due to the terms 
involving the intrinsic torsion in 

(3.2) R{X, Y) = R{X, Y) - d^rj{X, Y) + [rjx, Vy] - Vt^y 

for any X, Y in TM, see eg [14j. The algebraic summands above can be computed 
locally from (13. ip : in particular 

(3.3) [r^x,VY] = lHX,Y)I 

for all X, Y in TM, where $ = a A c. The first Chern form 71 of the canonical 
connection is the 2-form defined by 

^i{X,Y) = {R{X,Y),ojj) 

for any X, Y in TM, where the brackets (-, ■) denote the inner product on forms. 
The differential Bianchi identity forces it to be closed, drfi = 0, and moreover ^"Ji is 
a de Rham representative for Ci(M, /). Splitting the Ricci tensor Ric = Ric' + Ric" 
into invariant and anti-invariant parts under /, and taking the scalar product with 
00 1 in (13. 2p . yields 

(3.4) 71 = + W^i^i + '^- Jw/- 

o 

Here = {Ric' L, ■) G A^'^, s is the scalar curvature of g and = ^(W ± W-k) 
are the positive and negative halves of the Weyl curvature considered as a bundle- 
valued 2-form 

w = w^ + W-, 

reflecting (12. ip . The 4-manifold is called selfdual or anti-selfdual according to 
whether W~ = or = 0. 

One may also compute the first Chern form locally, by expanding the covariant 
derivative of a local gauge Ii. 



(3.5) 



V/i = -h®l2, VI2 = b®Ii 
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where 6 is a local 1-form on M, which implies 

(3.6) 7i = -db. 

Expression (13. 2p for R simplifies considerably if one uses the Weyl tensor. Let RIcq 
denote the trace-free component of the Ricci tensor and h = ^{RIcq +-^g) be the re- 
duced Ricci tensor of g. Then R = W+hAg, where {hAg){X, Y) = hXAY+XAhY 
for any X, Y in TM. The latter can be written as {h A g)F = {F, h} for any F in 
= 5o{TM), where {■, ■} denotes the anti-commutator. Due to the isomorphism 
Syml = (g) described by the map S S~, where S~{F) = {S, F}~, F in 
A^, we also know that {SjmQ, A^} C A^. 

The next lemma generalises a statement of [17J . 

Lemma 3.1. On an almost Hermitian manifold {M'^,g,I) the curvature of the 
canonical connection can be decomposed as 

~ s 1 1 _ 

R = W- + — + - Rico +- 71 ® ui. 

Proof. Expanding (13. 2p . and using (13. 3p along the way, we obtain 

R{X, Y) = W^{X, Y) + iy+(X, Y) + hX AY + X AhY 
- d^viX, Y) + UiX, Y)uj - r]T,Y 

for any X, Y in TM. Now, since d^r]{X, Y) + r]XxY belongs to and R lives in 
A^ (g) A"^'^, by taking into account that only acts on {uj) © A^, we can project 
onto invariant 2-forms and infer 

R = W~ + {hA g)xi,i + ^{W^OJi + $) (g) Ui. 

From A^'^ = A~ © (uj) we further get {hAg)xi.i = {hAgY + /}•, •) ©W/, and 
the claim follows by definition of h and equation (13. 4p . □ 

3.1. Elements of Hermitian geometry. We now specialise the facts above to 
{M'^,g,I) being Hermitian. Equivalently r] G A^'^ © A^, which in a local gauge Ii 
means that the 1-forms c, a of (13. ip satisfy 

(3.7) c = -Ja, 9 = 2/ia 

where the Lee form 9 is defined by duj = 9 A uoj. A simple computation yields 

Vu = ^{U^ A 9 + (lUf A 19) 
for any U in TM. Consequently = r//^ = 0, where ( = 9K It follows easily that 

(3.8) <l> = ^{9 Al9+\9\^uj). 
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Let K = 3{W^U)j,uj) be the conformal scalar curvature, which differs from the 
usual scalar curvature by 

(3.9) K- s = -3d*9 -^lei"^, 

see |17| . Given a one- form a we denote by d'^a the components of da in re- 
spectively, so that da = d~a + d'^a. An important property [2] of the positive Weyl 
tensor of the Hermitian structure is 

K (\ 1 \ 1 1 

= - \-ui®uji- -Id\A+ - ® - -w/ ® ^ 

where \& = d'^9{I-, ■) belongs to Xj. In particular W~^uji = ^uj — ^d'^9{I-, ■), hence 
(E3D updates, with the aid of (^M) and to 

(3.10) 71 = - l{d''9)uj + hAl9- 

It is well known that = is equivalent to demanding to be degenerate, 
which is a short way of saying that has a double eigenvalue. 

4. Proof of theorem 11.11 

As mentioned earlier, closed 5-frames are equivalently described by Ricci-flat, self- 
dual Hermitian manifolds (M^, g, I) that admit a holomorphic-symplectic structure 
compatible with the complex orientation. 

The crucial observation is the following characterisation of such structures by 
means of the curvature of their canonical Hermitian connection. This approach will 
be taken up in the next section, in a more general situation. 

Proposition 4.1. A Hermitian manifold (M^j^f, J) admits, around each point, a 
dosed 5-frame if and only if 

R= -^d{I9)^0Ji. 

Proof. Lemma IXTl guarantees that the metric g is Ricci-flat and selfdual if and only 
if i? = |7i (S) UJj. Equivalently, there exists a ^f-compatible hyperkahler structure 
{001,002,003} spanning A~ around each point in M. There remains to show that 
the existence of an orthonormal pair U4,U5 of closed forms in Aj is the same as 
71 = -irf(/^). 

Suppose Ii is a local gauge for {g,I) in the notation of (13. 5p . Then by writing 
V/2 = —a ^ uj + b ® the closure of ooj^ is equivalent to —a A ooj + b A ooi^ = 0. 
But equation (13. 7p says a Auj = —\h9 Aooj = \I9 A ooj^, hence b = \I9. 

Now, assume first that R = —\d{19) ® uj, so that 71 = —^d{19). A straight- 
forward computation shows that the Hermitian connection D = V — ^19 ® / has 
zero curvature. Take a local orthonormal frame Ci, 62 = lei, 63, 64 = 1 63 such 
that Dek = 0, 1 ^ ^ 4. Then uj = e^^ + e^"^ (e^^ meaning A e^), and the 
other selfdual forms e^^ + e^^, e^^ + e^^ can be written as g{Ii-, ■), g{l2-, ■) respect- 
ively, with I2 = III. Since I2 is D-parallel we have V/2 = \I9 ® Ii. Equation 
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fl3.5p gives b = \I9, hence uj^ is closed, and so is a;/^ [23]. The anti-selfdual forms 
gi2_g34^ gi3_g42^ g23_gi4 /^-parallel by construction. But they are V-parallel as 
well, for D — V belongs to ® A"*", and selfdual and anti-selfdual forms commute. 
The construction of the 5-frame is thus complete. 

Vice versa, assume that = g{Ii-, ■),u)5 = g{l2-,-) with / = /2/1 are closed 
forms in Xj. The above argument gives b = \I0, hence again 71 = —\d{16) by 

(ESI). □ 

If in addition M is simply connected the 5-frame is global. At this point we invoke 
the theory of selfdual Hermitian-Einstein manifolds, as presented in [.3|. Well-known 
facts are collected in the following 

Proposition 4.2 ([21 [151 [23]). Let {M^,g,I) be Hermitian, Ricci-flat and selfdual, 
but not flat. Then 

(i) Uj is an eigenform ofW^, ie W'^Ui = f W// 

(ii) the conformal scalar curvature k and Lee form 9 satisfy k9 + "^dn = 0, and 
(Ksg^I) is Kdhler; 

(iii) X = Igrad{K~^) is a Hamiltonian Killing vector field; 

(iv) d+X^ = -^kIuji. 

Conditions (i) and (ii) are equivalent on any compact, not necessarily Einstein, 
Hermitian complex surface [T3| [3]. Part (i) holds for compact selfdual Hermitian 
surfaces [Ij as well. 

Proof of theorem Since a closed 5-frame induces a selfdual, Ricci-flat Her- 
mitian metric, in order to use the classification of ^ we will show first that the 
Killing field X above is tri-holomorphic for the local hyperKahler structure. Ex- 
amples in [27] confirm that this is not true in general. 

(i - ii) The conformal scalar curvature k is nowhere zero, otherwise the metric 
g would be flat. Ricci flatness implies d9 = hj (ii) in the proposition above. By 
proposition 14. II we have 71 = —^d{19), hence (I3.10p implies 

-\d{ie) = \9Al9-^ujj. 

Using proposition 14.21 (ii). and the comparison formula (13.91) . we get d{K^^I9) = 

-K-^^+^-^)uJi. Since X^ = >^I9 we obtain d'X'' = 0; it follows that the Killing 
vector field X is tri-holomorphic with respect to the local hyperKahler structure. 

At the same time, by comparing with proposition 14.21 (iv). it follows that + 
^ft;3 = or equivalently = Then din \9\ = —j9 belongs to the distribution 
^ spanned by 9^, 19^; this means, according to [3l theorem 1], that the orthogonal 
almost complex J, obtained by reversing the sign of / along is integrable. Its 
fundamental form 

coj = ui + 2\9\-^9 AI9 
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belongs to A and it is closed; indeed d9 = 0, and since X is tri-holomorphic, 
dX^ = —j^n3ujj by proposition I4.2[ so 

duj = eAiOi-2eAd{\e\-^I9) = 9Aui + 12eAd{K-ix^) = eAuJi + UK-^AdX^ = 0. 

Therefore {g,J) is a Kaliler structure. Theorem 1 of [3j, case bl) of its proof to 
be precise, warrants that selfdual Ricci-flat Hermitian 4-manifolds with X tri- 
holomorphic and {g, J) Kahler reduce to the Gibbons-Hawking Ansatz with U = 
ay + b for constants a, b. Since g is not flat we can take a ^ 0, and without of loss 
of generality let a = 1 by rescaling the metric, and b = 0. In this way g is of the 
form claimed, with t = cti = dz, a2 = dx, = du + Q in the notation of 

example 12.21 

As for the theorem's last statement, the anti-self dual part of a closed 5-frame 
is unique up to an 0(3)-rotation. Let now U}'^,U}'^ be orthonormal and closed in 
A+. Up to a sign they determine [2S] the same orthogonal complex structure as 
U4,u^, since is degenerate and never zero and so they belong to A^. Then 
u'^ + zcjg = f{u4 + ioo^), with f : M ^ U{1) holomorphic with respect to / due to 
the closure of the forms, and therefore constant. □ 

At this juncture a few comments are in order. First, a non-fiat closed 5-frame is 
incompatible the manifold being compact. In fact, if the induced metric were even 
only complete, X would become a global tri-holomorphic Killing vector field, in 
contradiction to [12, theorem 1 (iii)]. Secondly, theorem 11.11 can be considered as 
a local 4-dimensional analogue, for two-forms, of the following result: 

Theorem [22]. Let (M, g) be a compact Riemannian n-manifold with bi{M) = n—1 
and such that every harmonic 1-form has constant length. Then (M, g) is a quotient 
of a nilpotent Lie group with 1-dimensional centre, equipped with a left-invariant 
metric. 

5. Small holonomy and further examples 

The proof of theorem II . 1 I suggests a wider perspective should be considered, namely 
that of Hermitian 4-manifolds with small curvature. ^ 

Given (M^,5f,J) almost Hermitian, consider the holonomy algebra l)o[ C u(2) 
of the canonical connection at a given point of M, and assume it at most 1- 
dimensional. Then any generator of {)o( must be invariant under parallel transport 
by V, so it must extend to an element F of A^ such that VF = 0. Since the 
curvature tensor R takes its values in {)ot we can write 

for some two- form 7 on M. As V is Hermitian F must have type (1,1), hence we 
can spht 

F = Fq + aui, 
where Fq is in Aq'^ and a a real number. 

Three possible scenarios unfold before us: the entire curvature R vanishes, Fq is 
zero or Fq is non-zero. 
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5.1. The flat case. We begin with the simplest situation, in which the almost 
Hermitian manifold (M'^, (/, /) has R = everywhere. 

Theorem 5.1. Let {M^,g,I) be almost Hermitian and such that R = 0. Then 

(i) the metric g is flat; 

(ii) «/ ((Ti, (72, (Ts) is a V -parallel orthonormal basis of self dual forms, 

uj = CTi COS Lp COS ip + a2 COS (fi sin if) + sin ip 
where (p and ip are locally-defined maps on M subject to dip A dip = . 

Proof, (i) By lemma [STT] the tensors W~ , Ric and 71 all vanish. Therefore, W~^ojj = 
— $ by (13. 4p . implying the two-form $ belongs to A"*". But $ is decomposable in 
any local gauge, hence it squares to zero. This means that $ vanishes, too: 

W^coi = 0, $ = 0. 

Since g is Einstein and has zero determinant, [11, proposition 16.72] forces 

= 0, and g is indeed a flat metric, 
(ii) A local gauge for uj is given by 

ojj-^ =ai sin ip cos ip -\- a2 sin ipsinip — a-s cos (p 

Uj^ = — O"! sin + (T2 cos ip- 

A straightforward computation yields a = —dip, c = cos ipdip, b = sin ipdip. From 
the proof of part (i), = is equivalent to$ = aAc = when g is fiat. Therefore 
cos Lpdip Adip = 0, and we conclude by a density argument. □ 

In addition, the theorem of Frobenius tells that ip = ip{ip) is a local function of one 
variable. 

Corollary 5.1. Let {M^,g,I) be either Hermitian or almost Kdhler, with R = 0. 
Then {g, /) is a flat Kdhler structure. 

Proof. The Hermitian and almost Kahler conditions are both characterised in a 
local gauge by c = ^la, so the claim follows from a A c = and theorem 15.11 
(i). □ 

In the almost Kahler case the corollary was proved in [16j assuming compactness, 
albeit differently and for arbitrary dimensions. Similar results can be found in [8l|9], 
again for M compact. 

5.2. The case Fq = 0. This is a very familiar situation as the next observation 
shows. 

Proposition 5.1. On an almost Hermitian manifold {M'^,g,I) the following are 
equivalent: 

(i) the curvature of the canonical connection is generated by the Kdhler form 
of I: 

(5.1) R = ^^i®uj 
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(ii) Ric =0 andW' = 0. 

Proof. The statement is an immediate consequence of lemma 13.11 □ 

Note that on a selfdual, Ricci-flat manifold any positive orthogonal almost com- 
plex structure satisfies (15.11) . 

5.3. The case Fq ^ 0. Because Fq is V-parallel, it has constant length. By rescal- 
ing 7 if necessary we may parametrise Fq = uj = g{J-, ■) by means of an orthogonal 
complex structure J with orientation opposite to that of I. 

Proposition 5.2. Let {M^,g,I) be almost Hermitian. The following statements 
are equivalent: 

(i) the holonomy algebra of the canonical connection is 1- dimensional, gener- 
ated by F in A)'^ with non-vanishing primitive part; 

(ii) V is not flat and there is a negatively-oriented, g-compatible Kdhler struc- 
ture J such that 7i = ap"^ , where a is a non-zero real constant. 

Either assumption implies 

R = — ^ {auji + uj). 

Proof, (i) =^ (ii) It is clear that VJ = 0. Since 77 = V- V belongs to A^(g)A^ C A^® 
A"*", it follows that V J = 0, for selfdual and anti-selfdual forms commute. Therefore 
((?, J) is Kahler and compatible with the negative orientation. In particular the 
Ricci tensor of g is J-invariant and 

/ - 

^"= -i- 
\ ^ 12 

with respect to A^ = {uoj) © Aj. Equivalently, 

s 1 1 

(5.2) W~ + — IdA- + - Rico = -P^ ® 00 J. 

Lemma [3.11 gives then R = jp"^ (g) a;j + |7i (g) Uj. From R = •j ^ F 
1 J U 

-p-" + -71 (g) oj/ = 7 + 0:7 ® 
follows, and proves the claim. 

The implication (ii) =^ (i) is a direct consequence of (15. 2p and lemma 13. H which 
also prove the final assertion. □ 

In the rest of this section we determine explicitly the almost Kahler structures 
(M"^, g, I) with dim f)o[ ^ 1. We first describe a slightly larger class of almost-Kahler 
4-manifolds. 

Let (E,5(E, Je) be a Riemann surface with area form uy,; we equip M? with co- 
ordinates x,y and let 2; = x + iy. For any : x E — )■ {z G C : \z\ < 1} we 
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consider the almost Kahler structure [g, I) on x E, where 
(5.3) 



4 _ _ _ 

g = j — n^idz — wdz) © idz — wdz) + gY. 

1 — \wr 



g{I-, ■) =2^^ A dz + oj-£. 

We assume w holomorphic in the E-variable, that is lY,dY,w = idj:W where d-£ is 
differentiation on S; then {g, J) is Kahler, where 

g{J-, ■) = ~2^^ Adz + uj-£. 

Theorem 5.2. Let {M^,g,I) be almost Kahler with dimf)ol ^ l.Then: 

(i) I is integrable, or 

(ii) g is Ricci-flat and selfdual, or 

(iii) (f?, /) is locally given by (I5.3p . where w does not depend on and the 

metric (1 — \w\'^)^'^^ g^, a E R\{±1} is flat, or 

(iv) {g,I) is locally given by flS.Sp . where g-^ is flat. 

Proof. By the previous results only the case i)ol = M.{aui + Uj), where a is a real 
number and J is an orthogonal, negative Kahler structure, has to be looked at. We 
shall also assume that / is non-integrable. 

The rank-two distributions ^± = ker(/J =]= Id) are parallel for the canonical 
Hermitian connection and allow to decompose uj = u+ + U-, Uj = —u+ + u^. 

Since {g, I) is almost Kahler, rjixIY = —rjxY for all X, Y in TM; it follows 
that the restrictions of r] to are symmetric. Since the latter are V-parallel 
the distributions ^+ and must be both integrable. In particular the Levi- 
Civita connections of the induced metrics coincide with the restrictions of V to 
Let s± = 2{R[u±),u±) be the corresponding scalar curvatures; from the general 
formula R = ^p-^ ^ uj + |7i ® we get 

(5.4) -s+ = (7i -p^,a;+), s_ = (71 + p-', 

We now parametrise p"^ = |a;j + pw/ + ipi, with ipi in Xj; in particular = 
^ujj + puj. Let us also write W~^ui = ^Uj + ip2, where (^2 belongs to Xj and k is the 
conformal scalar curvature of {g, I). We fix a local gauge Ii for I with connection 
forms a and b and impose 71 = ap"^ . Since {g, I) is almost Kahler, using (13. 4p with 
c = la and $ = a A /a we get 

ip2 = acfi 

(5.5) s K, as 
aAla = {ap- — - -}uji + - 

Note that k = s+6|ap. 

In particular la is orthogonal to Jia, J2a where Ji is a local gauge for J and 
J2 = JiJ ■ Since it is also orthogonal to a it follows that la = ±Ja. 
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la = —J a. Then a belongs to A^^_|_, wherefore is the Kahler nulhty 
of {g,I), that is riQ)_ = 0. Since = kera fl ker(Ja) is integrable, the 
structure equations 

da + b A la = R{ujj^), d{Ia) — b A a = R{ujjJ 

of ((?,/) imply that R{u^) is orthogonal to Xj. But the component in Xj 
of R{u^) = l{R{uJi) + R{ujj)) = J} + liW+M + p^), is precisely 
^{fi + which therefore must vanish. 

ai) When a 7^ —1, we have (fi = ip2 = 0hj (15. 5p . This means Ric is 
/-invariant and Uj is an eigenform of These almost Kahler man- 
ifolds form the so-called class AJC^; using their classification in [5] we 
get that {g,I) is locally given by f l5.3p . where w depends only on S. 
Consequently Ric = on and as a A /a = — |apa;+, the scalar 
relations in (15. 5p are equivalent to s = |ap. But 

2_ \d\w\\^ 



2(1 - \w 



2^2 ■ 



and since w is holomorphic it is easy to check that {dlj]d)ln (1 — \w\'^) = 

8|apajs. The flatness of (1 — gj^ follows now from the con- 

formal transformation rule of the scalar curvature. 
a2) When a = —1 the bundle is fiat for the canonical connection. The 
second equation in (15. 5p . now equivalent to 2|U-|- | -|- |ap = 0, contains 
no further information; its left hand side computes in fact s_ by (15 ■4p . 
Pick locally-defined unit vectors 62 = lei such that Ve^ = 0, A; = 1, 2. 
Because {g, I) is almost Kahler with Kahler nullity it follows that 
the dual forms satisfy de^ = de^ = 0. Write locally M = S x for 
some 2-dimensional manifold S, where the co-ordinates x, y on are 
such that ci = 62 = Then = dx + a, = dy + f3 for closed 
1-forms a,/? on S that do not depend on x,y. We claim a = /? = 0. 
Since L^^oj^ = 0, A; = 1, 2, the manifold S comes equipped with a fixed 
symplectic form ws- Then JX = I^X -{/3 + I^a)X£ + {a- I^l3)X-^ 
for all X in TS, where is a complex structure compatible with Us, 
possibly depending on x, y. Requiring J to be integrable amounts to 

Since I^I^ + I^I^ = Q and S has dimension 2, either has trivial 
kernel or it vanishes. The second case is excluded since we have assumed 
/ not integrable, whence a — I^l3+I^a+j3 = and further a — 1^/3 = 0. 
Differentiation gives (3 G kerl^, showing that f3 (and hence a) vanish. 
Now consider co-ordinates on S such that ojy. = dtAdu. Then = (1 — 

S)-^Io{l-S) where Jq is given by Io{du) = dt,S ^ ^ ^ 

in the basis {du, dt}, and w : M."^ x M."^ ^ {z : \z\ < 1}. The remaining 
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integrability condition = I^I^ linearises as Sy = IqS^ and the claim 
follows easily. 

b) la = Ja. The proof is completely analogous. □ 

Part (ii) in the theorem above is a manifestation of a closed '4-frame', whose 
local geometry is more complicated. The only known explicit examples are given 
by the Gibbons- Hawking Ansatz for a translation-invariant harmonic map, see [6] 
and its generalisations 
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Abstract. We study almost Hermitian 4-inanifolds with holonomy algebra, 
for the canonical Hermitian connection, of dimension at most one. We show how 
Riemannian 4-manifolds admitting five orthonormal symplectic forms fit therein 
and classify them. In this set-up we also fully describe almost Kahler 4-manifolds. 
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1. Introduction 



! The existence of orthogonal harmonic forms on an oriented Riemannian four- 

manifold {M'^,g) typically encodes relevant properties of the metric. An orthonor- 
mal frame of closed 1-forms, for instance, will flatten g. 

Also closed, orthonormal 2-forms impose severe constraints on {M'^,g), essen- 
tially according to the choices of orientation available. Many cases have been ad- 
dressed in the literature: couples or triples of this kind, defining the same orienta- 
tion, were studied in [271 [20t |2T ] . whereas pj)j dealt with pairs of oppositely-oriented 
symplectic forms. 

The aim of this note is to consider smooth Riemannian manifolds {M^,g) ad- 
mitting a system oi five symplectic forms {uk, 1 ^ ^ 5} such that 

(1.1) g{uJi,Uj) = 6ij i,j = l,...,5. 
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As we will see in section |21 equation f ll.ip is equivalent to considering, on a 4- 
manifold M, a so-called 5- frame, that is five non-degenerate 2-forms satisfying 

(1.2) coi A Uj = ±5ij Au5 i, j = 1, . . . ,4 

at each point of M. A closed b- frame is a 5-frame of symplectic forms. It is known 
that if Wi, . . . , cje is an orthonormal frame of closed 2-forms then the metric g must 
be flat, a case we will exclude a priori. 

It is easy to see that, up to a re-ordering, three of the 2-forms are anti-self dual, 
and furnish a hyperKahler (hence Ricci-fiat) metric g. The 2-forms remaining in 
the frame are selfdual and give a holomorphic-symplectic form: this in turn yields 
a complex structure J, for which g is necessarily Hermitian. 

Our first result is 

Theorem 1.1. Let {M,g) be a non-fiat Riemannian 4-manifold equipped with a 
closed 5-frame. Then 

(i) there exists a tri-holomorphic Killing vector field for the hyperKahler struc- 
ture; 

(ii) (M, g) is locally isometric to IR+ x iVi]^ equipped with metric 

dt' + {ltf/\al + al) + {ltr'/'^l 

where {cTj} is a basis of left-invariant one-forms on the Heisenberg group 
Nil^ satisfying doi = da2 = 0, da^ = o"i A o"2. 
Moreover the 5-frame is unique, up a constant rotation in 0(3) x f/(l). 

We are thus dealing with Hermitian, selfdual, Ricci-fiat surfaces, classified in 
[3j. To prove theorem II. II we need to determine, first, which metrics in [3] admit a 
holomorphic-symplectic form, and then determine that form explicitly. 

The technique used for the proof is indicative of another point of view for looking 
at closed 5-frames, namely that of holonomy. We prove that the curvature tensor 
R of the canonical Hermitian connection of {g,I), cf. section [3l is algebraically 
defined by the structure's Lee and Kahler forms (proposition 15. ip . This is used 
to show that the holomorphic Killing field X, coming from the Goldberg-Sachs 
theorem [251 12] for Einstein- Hermitian metrics, is actually tri-holomorphic for the 
hyperKahler structure. This proves part (i), and as a consequence, we know that 
g is essentially described by the celebrated Gibbons- Hawking Ansatz. 

By changing the sign of I on the distribution spanned by X, IX we obtain a 
Kahler structure {g, J) with 'negative' orientation. This allows us to use |31 Thm 
1], and eventually the metric g is given as in (ii). Note this is a cohomogeneity-one 
Bianchi metric of type II (see [29] for details). 

The holonomy approach to close 5-frames leaves much space (section [5]) for 
investigating almost Hermitian 4-manifolds (M, g, I) for which the holonomy group 
of the canonical Hermitian connection is 'small': since this has dimension bounded 
by four, small will mean of dimension zero or one. Then there are three possibilities 
for the two-form corresponding to the holonomy generator. It can vanish identically. 
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in which case we prove g must be flat (theorem 15. II) . generahsing earher results 
[SI [H]. It can be proportional to the Kahler form cj/ of {g, I), and this is precisely 
the set-up of selfdual Ricci-flat 4-manifolds (proposition 15. ip . In the third case 
the holonomy generator has a component orthogonal to uj that defines a Kahler 
structure reversing the orientation. In this situation almost Kahler structures are 
explicitly classified (theorem l5.2l) . The corresponding examples are build deforming 
the product of with a Riemann surface, in the spirit of [5j , [15\ . 

2. Two-forms on 4-manifolds 

Consider a smooth oriented Riemannian 4-manifold {M,g). The Hodge star oper- 
ator -k acting on the bundle of two-forms is an involution, with the rank-three 
subbundles of selfdual and anti-selfdual 2-forms = ker(*=p JdAz) as eigenspaces. 
The resulting decomposition 

(2.1) A2 = A+©A- 

is loosely speaking the 'adjoint' version of the fact that 5o(4) = so(3) ©so(3) is 
semisimple. 

Now let / in T*M TM be an orthogonal almost complex structure, that is 
I^ = ~IdTM, g{I-,I-) = g{;-). 

The Kahler form uj = g{I-, ■) is non-degenerate at any point of M, and induces, 
by decree, the positive orientation: uj = vol{g). The almost complex structure I 
extends to the exterior algebra by 

{Ia){X,,...,Xp) = a{IX,,...,IXp), 

where a is a p-form on M and Xi, . . . , Xp belong to TM. We shall work with 
real-valued forms, unless specified otherwise. Notation-wise, O** : TM — )■ A^M is 
the isomorphism induced by the metric, with inverse ()". 
The bundle of real 2-forms also decomposes under (7(2) as 

(2.2) A^ = X'''®X\ 

where A^'^ denotes /-invariant two-forms, and anti-invariant ones. If {uj) is the 
real line through uj we further have A^'^ = (oj/) ©Ag'^, where the space of primitive 
(1, 1) -forms Aq^ is the orthogonal complement to {uj) in A^'^. The real rank-two 
bundle A^ has a complex structure la = a(/-,-) that makes it a complex line 
bundle isomorphic to the canonical bundle of {M,I). So in presence of an almost 
Hermitian structure. A"*" splits as 

A+ = {ui) © A^ 

under U{1) and comparing f l2.2p and 02. ip leads to A~ = Aq'^. 

Slightly changing the point of view, we briefly recall how to recover a conformal 
structure in dimension four from rank three subbundles of two-forms. Consider a 
smooth oriented manifold M of real dimension four with volume form voi(M). The 
bundle A^M possesses a non-degenerate bilinear form q given by 

a A/3 = g(a,/3)vo](M) 
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whenever a, {3 belong to A^M. Any subbundle E of A^M of rank three and maximal, 
in the sense that q^^ is positive, determines a unique conformal structure on M 
such that E = K^M [26j. The proof of this descends from the fact that q has 
signature (3, 3) and that at any point a; of M the set of maximal subspaces of 
h?TxM is parametrised by 

GL(4,R) ^ SL(4,C) ^ SOo(3,3) 
CO{A) S0(4) SO(3)xSO(3)' 
Here C0(4) = x S0(4) is the conformal group. In particular 
2.1. Lemma. A closed 5-frame on a smooth A-manifold determines 

(i) a Riemannian metric g such that 

(2.3) span{uji,uj2,i03} = , {cu4,u;5}cA+, 

up to re-ordering; 

(ii) an orthogonal complex structure I defined by = uj4^{I-, ■). 

Proof, (i) The Ui are linearly independent as the metric q is neutral; for the same 
reason in (11. 2p there are effectively 3 minus signs and 2 plusesQ eg = = u}^, 
and in the chosen conformal class there exists a unique Riemannian metric g such 
that {uj^jU^} are orthonormal, so that —uf = = a;|. 

(ii) The closure of U4 and implies automatically that / is integrable [27]. □ 

The convention throughout this note will be that of (12. 3p . Then the fundamental 
form uj = g{I-, ■) G A"*" completes the 5-frame to an orthonormal basis of A^. When 
the metric g is flat the forms 004, must be parallel for the Levi-Civita connection 
of by a result of so from now we consider non-flat 5-frames, that is g will be 
assumed not fiat. 

Since the triple {a;i,a;2,W3} defines a hyperKahler structure, the metric g is 
Ricci-fiat and selfdual. By lemma [2m the classification of closed 5-frames amounts 
to that of Ricci-fiat, selfdual Hermitian structures {g, I) equipped with a complex 

2 

symplectic structure, that is a closed, constant-length two-form oOi+iu^ in A/ M = 
A2(M,C) nlcer(X + 2z). 

The article [3j contains the complete local-structure theory for Ricci-fiat, self- 
dual Hermitian surfaces; to locate closed 5-frames in that classification we will set 
up, in the next section, an equivalent curvature description. Before doing so we 
remind that Gibbons and Hawk;ing [22j have generated, locally, all hyperKahler 4- 
manifolds admitting a tri-holomorphic Killing vector field using Laplace's equation 
in Euclidean three-space. We outline below their construction to show how closed 
5-frames fit therein. 

Talce a hyperKahler 4-manifold {M'^, g, Ji, J2, J3) with a vector field X such 
that LxJi = 0, 1 ^ z ^ 3 and Lxg = 0. Choose a local system of co-ordinates 
{u,x,y,z) on M with X = and where x,y,z, given by Xjojj^ = dx, etc., are 
the momentum maps. In these co-ordinates the metric reads 

g = U{dx^ + dy"^ + dz^) + U'^^du + e)^ 



or the other way around, but we will suppose three minuses. 
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where U{x,y,z) = \\X\\ ^ is defined on some domain in and the connection 
one-form is invariant under X and such that 0(-^) = 0. The fundamental forms 
of {g, Jfc), 1 ^ z ^ 3, 

wji = Udydz+dx{du+Q), ojj^ = Udxdy+dz{du+Q), ojj.^ = Udzdx+dy{du+Q) 

are closed if and only if O satisfies the monopole equation dQ = -k^adU. In particular 
U is harmonic on some open region of M^, and conversely such a function completely 
determines the geometry as explained above. 
Moreover the (non-necessarily closed) forms 

w/j = Udydz—dx{du+Q), uj^ = Udxdy—dz{du+Q), oji.^ = Udzdx—dy{du+Q) 

are orthonormal and yield a trivialisation of A+. 

Example 2.2. Imposing the forms uj-^ and Uj^ be closed forces Ux = Uz = 0, so 
U = ay + bfoT real constants a, b; one can explicitly take 6 = ^{zdx — xdz). In this 
situation uj^ and ui^ build, together with cjj^, 1 ^ A; ^ 3, a closed 5-frame, which 
is not fiat for a 7^ since dui.^ = 2adxdydz does not vanish. 

Roughly speaking, theorem II. II explains why this example is no coincidence. 

3. The curvature of the canonical connection 

In order to characterise closed 5-frames in terms of curvature we need some facts 
from almost Hermitian geometry; this will serve us beyond the 5-frame set-up as 
well, so the presentation will be general. 

Let {M'^,g,I) be almost Hermitian. The Levi-Civita connection V of g defines 
the so-called intrinsic torsion of {g, I) 

r; = i(V/)/G A'®Al 

Its knowledge is the main tool to capture, both algebraically and not, the geometry 
of almost Hermitian manifolds: indeed, the components of i] inside the irreducible 
[/(2)-modules into which ® decomposes determine the type and features of 
the structure under scrutiny (eg Kahler, Hermitian, conformally Kahler and so 
on). When indexing a differential form with a vector we shall mean (3x = X_i j3 = 
(3{X, -,...,•), and in particular rjx = |(Vx-^)-^- 
The canonical connection ^ 

V = V + r/ 

of the almost Hermitian structure {g, I) is a linear connection that preserves 
Riemannian and almost complex structures, Vg = and V/ = 0, hence it is 
both metric and Hermitian. It coincides with the Chern connection (see [19]) if / 
is integrable. Since the torsion tensor T of V is given by 

TxY = r]xY - r]yX 

for any tangent vectors X, Y, we have 1] = if and only if {g, I) is Kahler. 
The canonical Hermitian connection naturally induces an exterior derivative on 
bundle- valued differential forms. For instance if a belongs to A^(M, A^), we have 
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(Fa{X,Y) = {Vxa)Y - (Vya)X for any X,Y in TM. On ordinary differential 
forms one defines : AM — )■ AM in analogy with the usual exterior derivative, 

that is = Ci A Ve^ where {cj, 1 ^ i ^ 4} is an orthonormal basis of each tan- 

i=l 

gent space. If the action of T on some 1-form a is defined by {Ta){X, Y) = a(TxY) 
for any X, Y in TM, we may compare differentials 

d'^a = da — Ta. 

Given a local gauge Ji, that is a locally-defined orthogonal complex structure such 
that III + III = 0, we define I2 = hi, and write 

(3.1) V/ = a ® /2 + c (g) /i, or equivalently 2r] = —a ® Ii + c® I2, 

for local 1-forms a, c on M. The curvature tensor G ® A^'^ of the canonical 
connection, defined by R{X, Y) = — [Vx, Vy] + V[x,y], X, Y in TM, has in general 
not all of the symmetries enjoyed by the Riemannian counterpart R. It fails to be 
symmetric in pairs, and does not satisfy the first Bianchi identity, due to the terms 
involving the intrinsic torsion in 

(3.2) R{X, Y) = R{X, Y) - d^rj{X, Y) + [rjx, Vy] - Vt^y 

for any X, Y in TM, see eg [14j. The algebraic summands above can be computed 
locally from (13. ip : in particular 

(3.3) [r^x,VY] = lHX,Y)I 

for all X, Y in TM, where $ = a A c. The first Chern form 71 of the canonical 
connection is the 2-form defined by 

^i{X,Y) = {R{X,Y),ojj) 

for any X, Y in TM, where the brackets (-, ■) denote the inner product on forms. 
The differential Bianchi identity forces it to be closed, drfi = 0, and moreover ^"Ji is 
a de Rham representative for Ci(M, /). Splitting the Ricci tensor Ric = Ric' + Ric" 
into invariant and anti-invariant parts under /, and taking the scalar product with 
00 1 in (13. 2p . yields 

(3.4) 71 = + W^i^i + '^- Jw/- 

o 

Here = {Ric' L, ■) G A^'^, s is the scalar curvature of g and = ^(W ± W-k) 
are the positive and negative halves of the Weyl curvature considered as a bundle- 
valued 2-form 

w = w^ + W-, 

reflecting (12. ip . The 4-manifold is called selfdual or anti-selfdual according to 
whether W~ = or = 0. 

One may also compute the first Chern form locally, by expanding the covariant 
derivative of a local gauge Ii. 



(3.5) 



V/i = -h®l2, VI2 = b®Ii 



7 



where 6 is a local 1-form on M, which implies 

(3.6) 7i = -db. 

Expression (13. 2p for R simplifies considerably if one uses the Weyl tensor. Let RIcq 
denote the trace-free component of the Ricci tensor and h = ^{RIcq +-^g) be the re- 
duced Ricci tensor of g. Then R = W+hAg, where {hAg){X, Y) = hXAY+XAhY 
for any X, Y in TM. The latter can be written as {h A g)F = {F, h} for any F in 
= 5o{TM), where {■, ■} denotes the anti-commutator. Due to the isomorphism 
Syml = (g) described by the map S S~, where S~{F) = {S, F}~, F in 
A^, we also know that {SjmQ, A^} C A^. 

The next lemma generalises a statement of [18j. 

Lemma 3.1. On an almost Hermitian manifold {M'^,g,I) the curvature of the 
canonical connection can be decomposed as 

~ s 1 1 _ 

R = W- + — + - Rico +- 71 ® ui. 

Proof. Expanding (13. 2p . and using (13. 3p along the way, we obtain 

R{X, Y) = W^{X, Y) + iy+(X, Y) + hX AY + X AhY 
- d^viX, Y) + UiX, Y)uj - r]T,Y 

for any X, Y in TM. Now, since d^r]{X, Y) + r]XxY belongs to and R lives in 
A^ (g) A"^'^, by taking into account that only acts on {uj) © A^, we can project 
onto invariant 2-forms and infer 

R = W~ + {hA g)xi,i + ^{W^OJi + $) (g) Ui. 

From A^'^ = A~ © (uj) we further get {hAg)xi.i = {hAgY + /}•, •) ©W/, and 
the claim follows by definition of h and equation (13. 4p . □ 

3.1. Elements of Hermitian geometry. We now specialise the facts above to 
{M'^,g,I) being Hermitian. Equivalently r] G A^'^ © A^, which in a local gauge Ii 
means that the 1-forms c, a of (13. ip satisfy 

(3.7) c = -Ja, 9 = 2/ia 

where the Lee form 9 is defined by duj = 9 A uoj. A simple computation yields 

Vu = ^{U^ A 9 + (lUf A 19) 
for any U in TM. Consequently = r//^ = 0, where ( = 9K It follows easily that 

(3.8) <l> = ^{9 Al9+\9\^uj). 
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Let K = 3{W^U)j,uj) be the conformal scalar curvature, which differs from the 
usual scalar curvature by 

(3.9) K- s = -3d*9 -^lei"^, 

see |18| . Given a one- form a we denote by d'^a the components of da in re- 
spectively, so that da = d~a + d'^a. An important property [2] of the positive Weyl 
tensor of the Hermitian structure is 

K (\ 1 \ 1 1 

= - \-ui®uji- -Id\A+ - ® - -w/ ® ^ 

where \& = d'^9{I-, ■) belongs to Xj. In particular W~^uji = ^uj — ^d'^9{I-, ■), hence 
(E3D updates, with the aid of (^M) and to 

(3.10) 71 = - l{d''9)uj + hAl9- 

It is well known that = is equivalent to demanding to be degenerate, 
which is a short way of saying that has a double eigenvalue. 

4. Proof of theorem 11.11 

As mentioned earlier, closed 5-frames are equivalently described by Ricci-flat, self- 
dual Hermitian manifolds (M^, g, I) that admit a holomorphic-symplectic structure 
compatible with the complex orientation. 

The crucial observation is the following characterisation of such structures by 
means of the curvature of their canonical Hermitian connection. This approach will 
be taken up in the next section, in a more general situation. 

Proposition 4.1. A Hermitian manifold (M^j^f, J) admits, around each point, a 
dosed 5-frame if and only if 

R= -^d{I9)^0Ji. 

Proof. Lemma IXTl guarantees that the metric g is Ricci-flat and selfdual if and only 
if i? = |7i (S) UJj. Equivalently, there exists a ^f-compatible hyperkahler structure 
{001,002,003} spanning A~ around each point in M. There remains to show that 
the existence of an orthonormal pair U4,U5 of closed forms in Aj is the same as 
71 = -irf(/^). 

Suppose Ii is a local gauge for {g,I) in the notation of (13. 5p . Then by writing 
V/2 = —a ^ uj + b ® the closure of ooj^ is equivalent to —a A ooj + b A ooi^ = 0. 
But equation (13. 7p says a Auj = —\h9 Aooj = \I9 A ooj^, hence b = \I9. 

Now, assume first that R = —\d{19) ® uj, so that 71 = —^d{19). A straight- 
forward computation shows that the Hermitian connection D = V — ^19 ® / has 
zero curvature. Take a local orthonormal frame Ci, 62 = lei, 63, 64 = 1 63 such 
that Dek = 0, 1 ^ ^ 4. Then uj = e^^ + e^"^ (e^^ meaning A e^), and the 
other selfdual forms e^^ + e^^, e^^ + e^^ can be written as g{Ii-, ■), g{l2-, ■) respect- 
ively, with I2 = III. Since I2 is D-parallel we have V/2 = \I9 ® Ii. Equation 
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fl3.5p gives b = \I9, hence uj^ is closed, and so is a;/^ [27]. The anti-selfdual forms 
gi2_g34^ gi3_g42^ g23_gi4 /^-parallel by construction. But they are V-parallel as 
well, for D — V belongs to ® A"*", and selfdual and anti-selfdual forms commute. 
The construction of the 5-frame is thus complete. 

Vice versa, assume that = g{Ii-, ■),u)5 = g{l2-,-) with / = /2/1 are closed 
forms in Xj. The above argument gives b = \I0, hence again 71 = —\d{16) by 

(ESI). □ 

If in addition M is simply connected the 5-frame is global. At this point we invoke 
the theory of selfdual Hermitian-Einstein manifolds, as presented in [.3|. Well-known 
facts are collected in the following 

Proposition 4.2 ([21 [161 [25]). Let {M^,g,I) be Hermitian, Ricci-flat and selfdual, 
but not flat. Then 

(i) Uj is an eigenform ofW^, ie W'^Ui = f W// 

(ii) the conformal scalar curvature k and Lee form 9 satisfy k9 + "^dn = 0, and 
(Ksg^I) is Kdhler; 

(iii) X = Igrad{K~^) is a Hamiltonian Killing vector field; 

(iv) d+X^ = -^kIuji. 

Conditions (i) and (ii) are equivalent on any compact, not necessarily Einstein, 
Hermitian complex surface [T3| [3]. Part (i) holds for compact selfdual Hermitian 
surfaces [Ij as well. 

Proof of theorem Since a closed 5-frame induces a selfdual, Ricci-flat Her- 
mitian metric, in order to use the classification of ^ we will show first that the 
Killing field X above is tri-holomorphic for the local hyperKahler structure. Ex- 
amples in [30j confirm that this is not true in general. 

(i - ii) The conformal scalar curvature k is nowhere zero, otherwise the metric 
g would be flat. Ricci flatness implies d9 = hj (ii) in the proposition above. By 
proposition 14. II we have 71 = —^d{19), hence (IS.lOp implies 

-\d{ie) = \9Al9-^ujj. 

Using proposition 14.21 (ii). and the comparison formula (13.91) . we get d{K^^I9) = 

-K-^^+^-^)uJi. Since X^ = >^I9 we obtain d'X'' = 0; it follows that the Killing 
vector field X is tri-holomorphic with respect to the local hyperKahler structure. 

At the same time, by comparing with proposition 14.21 (iv). it follows that + 
^ft;3 = or equivalently = Then din \9\ = —j9 belongs to the distribution 
^ spanned by 9^, 19^; this means, according to [3l theorem 1], that the orthogonal 
almost complex J, obtained by reversing the sign of / along is integrable. Its 
fundamental form 

coj = ui + 2\9\-^9 AI9 
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belongs to A and it is closed; indeed d9 = 0, and since X is tri-holomorphic, 
dX^ = —j^nsujj by proposition I4.2[ so 

duj = eAuji-2eAd{\e\-'^I9) = eAuJi + 12eAd{K-^X^) = eAcuj + UK-^AdX^ = 0. 

Therefore {g,J) is a Kahler structure. Theorem 1 of [3j, case bl) of its proof to 
be precise, warrants that selfdual Ricci-flat Hermitian 4-manifolds with X tri- 
holomorphic and {g, J) Kahler reduce to the Gibbons-Hawking Ansatz with U = 
ay + b for constants a, b. Since g is not fiat we can take a ^ 0, and without of loss 
of generality let a = 1 by rescaling the metric, and b = 0. In this way g is of the 
form claimed, with t = ^y^^"^, 0"i = dz, a2 = dx, = du + Q in the notation of 
example 12.21 

As for the theorem's last statement, the anti-self dual part of a closed 5-frame 
is unique up to an 0(3)-rotation. Let now U)'^,u)'^ be orthonormal and closed in 
A+. Up to a sign they determine [27] the same orthogonal complex structure as 
UJ4,U}5, since is degenerate and never zero and so they belong to Xj. Then 
io'^ + iu'^ = f{(jJ4 + ^cjs), with f : M ^ U{1) holomorphic with respect to / due to 
the closure of the forms, and therefore constant. □ 

At this juncture a few comments are in order. First, a non-flat closed 5-frame is 
incompatible with the manifold being compact. In fact, if the induced metric were 
even only complete, X would become a global tri-holomorphic Killing vector field, 
in contradiction to [T2| theorem 1 (iii)]. Secondly, theorem 11.11 can be considered 
as a local 4-dimensional analogue, for two-forms, of the following result: 

Theorem [23]. Let (M, g) be a compact Riemannian n-manifold with bi{M) = n—1 
and such that every harmonic 1-form has constant length. Then (M, g) is a quotient 
of a nilpotent Lie group with 1-dimensional centre, equipped with a left-invariant 
metric. 

5. Small holonomy and further examples 

The proof of theorem II . 1 I suggests a wider perspective should be considered, namely 
that of almost Hermitian 4-manifolds with small holonomy. 

Given {M'^,g,I) almost Hermitian, consider the holonomy algebra f)o[ C u(2) 
of the canonical connection at a given point of M, and assume it at most 1- 
dimensional. Then any generator of f)o( must be invariant under parallel transport 
by V, so it must extend to an element F of A^ such that VF = 0. Since the 
curvature tensor R takes its values in fio[ we can write 

for some two- form 7 on M. As V is Hermitian F must have type (1,1), hence we 
can spht 

F = Fo + aui, 
where Fq is in Ag'^ and a a real number. 

Three possible scenarios unfold before us: the entire curvature R vanishes, Fq is 
zero or Fq is non-zero. 
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5.1. The flat case. We begin with the simplest situation, in which the almost 
Hermitian manifold (M'^, (/, /) has R = everywhere. 

Theorem 5.1. Let {M^,g,I) be almost Hermitian and such that R = 0. Then 

(i) the metric g is flat; 

(ii) «/ ((Ti, (72, (Ts) is a V -parallel orthonormal basis of self dual forms, 

uj = CTi COS Lp COS ip + a2 COS (fi sin if) + sin ip 
where (p and ip are locally-defined maps on M subject to dip A dip = . 

Proof, (i) By lemma [STT] the tensors W~ , Ric and 71 all vanish. Therefore, W~^ojj = 
— $ by (13. 4p . implying the two-form $ belongs to A"*". But $ is decomposable in 
any local gauge, hence it squares to zero. This means that $ vanishes, too: 

W^coi = 0, $ = 0. 

Since g is Einstein and has zero determinant, [11, proposition 16.72] forces 

= 0, and g is indeed a flat metric, 
(ii) A local gauge for uj is given by 

ojj-^ =ai sin ip cos ip -\- a2 sin ipsinip — a-s cos (p 

Uj^ = — O"! sin + (T2 cos ip- 

A straightforward computation yields a = —dip, c = cos ipdip, b = sin ipdip. From 
the proof of part (i), = is equivalent to$ = aAc = when g is fiat. Therefore 
cos Lpdip Adip = 0, and we conclude by a density argument. □ 

In addition, the theorem of Frobenius tells that ip = ip{ip) is a local function of one 
variable. 

Corollary 5.1. Let {M^,g,I) be either Hermitian or almost Kdhler, with R = 0. 
Then {g, /) is a flat Kdhler structure. 

Proof. The Hermitian and almost Kahler conditions are both characterised in a 
local gauge by c = ^la, so the claim follows from a A c = and theorem 15.11 
(i). □ 

In the almost Kahler case the corollary was proved in [17j assuming compactness, 
albeit differently and for arbitrary dimensions. Similar results can be found in [8l|9], 
again for M compact. 

5.2. The case Fq = 0. This is a very familiar situation as the next observation 
shows. 

Proposition 5.1. On an almost Hermitian manifold {M'^,g,I) the following are 
equivalent: 

(i) the curvature of the canonical connection is generated by the Kdhler form 
of I: 

(5.1) R = ^^i®uj 
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(ii) Ric =0 andW' = 0. 

Proof. The statement is an immediate consequence of lemma 13.11 □ 

Note that on a selfdual, Ricci-flat manifold any positive orthogonal almost com- 
plex structure satisfies (15.11) . 

5.3. The case Fq ^ 0. Because Fq is V-parallel, it has constant length. By rescal- 
ing 7 if necessary we may parametrise Fq = uj = g{J-, ■) by means of an orthogonal 
complex structure J with orientation opposite to that of I. 

Proposition 5.2. Let {M^,g,I) be almost Hermitian. The following statements 
are equivalent: 

(i) the holonomy algebra of the canonical connection is 1- dimensional, gener- 
ated by F in A)'^ with non-vanishing primitive part; 

(ii) V is not flat and there is a negatively-oriented, g-compatible Kdhler struc- 
ture J such that 7i = ap"^ , where a is a non-zero real constant. 

Either assumption implies 

R = — ^ {auji + uj). 

Proof, (i) =^ (ii) It is clear that VJ = 0. Since 77 = V- V belongs to A^(g)A^ C A^® 
A"*", it follows that V J = 0, for selfdual and anti-selfdual forms commute. Therefore 
((?, J) is Kahler and compatible with the negative orientation. In particular the 
Ricci tensor of g is J-invariant and 

/ - 

^"= -i- 
\ ^ 12 

with respect to A^ = {uoj) © Aj. Equivalently, 

s 1 1 

(5.2) W~ + — IdA- + - Rico = -P^ ® 00 J. 

Lemma [3.11 gives then R = jp"^ (g) a;j + |7i (g) Uj. From R = •j ^ F 
1 J U 

-p-" + -71 (g) oj/ = 7 + 0:7 ® 
follows, and proves the claim. 

The implication (ii) =^ (i) is a direct consequence of (15. 2p and lemma 13. H which 
also prove the final assertion. □ 

In the rest of this section we determine explicitly the almost Kahler structures 
(M"^, g, I) with dim f)o[ ^ 1. We first describe a slightly larger class of almost-Kahler 
4-manifolds. 

Let (E,5(E, Je) be a Riemann surface with area form uy,; we equip M? with co- 
ordinates x,y and let 2; = x + iy. For any : x E — )■ {z G C : \z\ < 1} we 



13 



consider the almost Kahler structure [g, I) on x E, where 
(5.3) 



4 _ _ _ 

g = j — n^{dz — wdz) © (dz — wdz) + g-^ 

1 — \wr 



i 

g{I-, ■) =-^dz A rfz + We. 

We assume w holomorphic in the S-variable, that is lY,dY,w = idY,w where d^, is 
differentiation on S; then {g, J) is Kahler, where 

g{J-, ■) = "2'^^ Adz + u-£. 

These examples generalise the construction in [5J where w is chosen to depend only 
on E; also, they particularise the twisting construction in [15] to the case of the 
trivial line bundle over a Riemann surface. 

Theorem 5.2. Let {M^,g,I) be almost Kahler with dimf)ol ^ l.Then: 

(i) I is integrable, or 

(ii) g is Ricci-flat and selfdual, or 

(iii) {g^I) is locally given by f l5.3p . where w does not depend on and the 

metric (1 — \w\'^)^(^-^ gj],a G R\{±1} is flat, or 

(iv) {g,I) is locally given by fl5.3p . where g-£ is flat. 

Proof. By the previous results only the case i)ol = R(aa;/ + Uj), where a is a real 
number and J is an orthogonal, negative Kahler structure, has to be looked at. We 
shall also assume that / is non-integrable. 

The rank-two distributions ^± = ker(/J =]= Id) are parallel for the canonical 
Hermitian connection and allow to decompose uj = uj+ + U-, Uj = — a;+ + U-. 

Since {g, I) is almost Kahler, rjixIY = —VxY for all X, Y in TM; it follows 
that the restrictions of 77 to ^± are symmetric. Since the latter are V-parallel 
the distributions ^_(. and must be both integrable. In particular the Levi- 
Civita connections of the induced metrics coincide with the restrictions of V to 
Let s± = 2{R[u±),u±) be the corresponding scalar curvatures; from the general 
formula R = ^p"^ ^ uj + I71 ® we get 

(5.4) -s+ = (7i-p^,c^+), s_ = (7i + p*',w_). 

We now parametrise p-^ = |a;j + fiui + ifi, with ipi in Af; in particular = 
^Ui + puj. Let us also write W~^Uj = ^Uj + Lp2: where ip2 belongs to Xj and k is the 
conformal scalar curvature of [g, I). We fix a local gauge Ii for I with connection 
forms a and b and impose 71 = ap'^ . Since {g, I) is almost Kahler, using (13. 4p with 
c = la and $ = a A /a we get 

ip2 = acfi 

(5.5) s K, as 
aMa = [ap- — - -)uji + (— - p)ujj. 



Note that k = s+6\a 



2 
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In particular la is orthogonal to Jia, where Ji is a local gauge for J and 
J2 = JiJ- Since it is also orthogonal to a it follows that la = ±Ja on the open set 
where a ^ 0. 

a) la = —J a. Then a belongs to A^^4., therefore is the Kahler nullity 
of {g,I), that is ri^_ = 0. Since = kera fl ker(/a) is integrable, the 
structure equations 

da + b A la = R{ui^), d{Ia) — b A a = R{u}j^) 

of (5^,/) imply that R{u-) is orthogonal to Xj. But the component in 
of R{uj_) = l{R{uJi) + R{ojj)) = J} + l{W+{uJi) + p-^), is precisely 
^{fi + which therefore must vanish. 

ai) When a 7^ —1, we have = (/?2 = by (15. 5p . This means Ric is 
/-invariant and Uj is an eigenform of W^. These almost Kahler man- 
ifolds form the so-called class AJC^; using their classification in |5| we 
get that {g,I) is locally given by ( 15. 3p . where w depends only on S. 
Consequently Ric = on and as a A Ja = — |ap(u;+, the scalar 
relations in (15. 5p are equivalent to s = |ap. But 

\d\w\\' 



2(1 - \w 



2^2 ■ 



and since w is holomorphic it is easy to check that {dlj]d)ln {l — \w\'^) = 

8\a\'^UY;. The flatness of (1 — Iwp) 4(q-i) g-^ follows now from the con- 
formal transformation rule of the scalar curvature. 
8.2) When a = — 1 the bundle is flat for the canonical connection. The 
second equation in (15. 5p . now equivalent to 2|Lt + | + |ap = 0, contains 
no further information; its left hand side computes in fact s_ by (15. 4p . 
Pick locally-defined unit vectors 62 = lei such that Ve^ = 0, A; = 1,2. 
Because {g, I) is almost Kahler with Kahler nullity it follows that 
the dual forms satisfy de^ = de^ = 0. Now write locally M = S x 
for some 2-dimensional manifold S where the co-ordinates x, y on 
are such that = 62 = Since the distribution ^+ is also 
integrable S can be chosen to correspond to that is to admit local 
co-ordinates t, u such that ^+ = spaii{^, ^} and u+ = dt A du. Then 
J(^) = ^ whereas on S the complex structure J is determined by a 
family of complex structure compatible with a;+, possibly depending 
on Therefore J = (1 — S)^^Iq{1 — S*) on S where Jq is given 

by Io{du) = dt, S = ^ ^ ^ ^ in the basis {du, dt}, and w : 

M^xM^— ^{2;: \z\ < 1}. Now requiring J to be integrable amounts to 

Jy J Jx 

on S. However this linearises as Sy = IqSx and the claim follows easily, 
b) la = Ja. Replace J by — J and apply part (a). Note that a transforms into 
-a. □ 
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Part (ii) in the theorem above is a manifestation of a closed '4-frame', whose 
local geometry is more complicated. The only known explicit examples are given 
by the Gibbons- Hawking Ansatz for a translation-invariant harmonic map, see [Gj 
and its generalisations 

In the compact case theorem 15.21 can be enhanced as follows. 

Theorem 5.3. A compact almost Kdhler A-manifold {M,g,I) with dimf)o[ ^ 1 
must be Kdhler. 

Proof. If f)o( = {0} this is granted by corollary 15.11 Assume now that i)oi is gener- 
ated by F = Fq + aojj. If Fq = the metric g is Ricci fiat by proposition 15.11 and 
the integrability of / follows from |28] . 

There remains to treat the case when Fq ^ 0, when after re-normalisation(see 
section 5.3) we may assume that Fq = uj where [g, J) is Kahler compatible with 
the negative orientation. If a 7^ ±1 a case by case inspection of the proof of theorem 
15.21 shows that ipi = ip2 = in {x ^ M : r]x ^ 0}. Now in any open set U where 
rj = the structure {g, I) is Kahler hence g is a local product; from the definition of 
(fi and Lp2 it is easy to see they vanish in U as well. By a standard density argument 
we conclude that = (^2 = over M hence the almost Kahler structure {g, I) 
belongs to the class AJC^. Because M is compact it follows that {g, I) is Kahler by 
the classification results of Apostolov-Armstrong-Draghici in [5j. To complete the 
proof there remains to examine the following cases. 

a) a = —1. We will first show that 'r]^_ = everywhere in M; note that it 
suffices to prove this at points where r] ^ 0. Working around such points 
and using the same local choices as in the proof of theorem 15.21 the second 
equation in (15. 5p reads 

a A Ia = — UJ+ - {2fi H — = -\a\ u+ - {2fi H — )io^. 

00 o 

In particular {a Ala, a;+) + |ap = after taking the scalar product with u+. 
If la = Ja the form a vanishes on ^+ hence (a A Ia,u^) = and further 
a = 0, contradicting the assumption that 77 7^ 0. Therefore around points 
where 77 7^ we have la = — Ja hence t]^_ = 0. The claim on the vanishing 

of Vsi- in M is therefore proved. Since is parallel w.r.t. to V it follows 
that is totally geodesic. 

Now having a = —1 means that bundle is flat w.r.t. the canonical con- 
nection, in particular s_ = 0. In the terminology of [2l] the foliation induced 
by the integrable distribution ^+ is transversally totally geodesic with van- 
ishing transverse Ricci curvature. Because the Kahler manifold {M,g,J) 
is compact proposition 2.1 from |2l], applied to the foliation induced by 
shows that the latter is parallel w.r.t the Levi-Civita connection of g. 
Equivalently, {g, I) is Kahler and the theorem is proved in this case. 

b) a = 1. Replace J by —J and apply part a) above. 

□ 



16 



S.G.CHIOSSI AND P.-A.NAGY 



Acknowledgements. The authors thank Simon Salamon for suggestions and the 
ensuing conversations. It is a pleasure to acknowledge the hospitality of Uwe Sem- 
melmann at various stages of this work and that of the Department of Mathematics 
at the University of Auckland. We are grateful to the referee for useful suggestions 
on how to improve this paper. 

References 

[1] V. Apostolov, J. Davidov, O. Muskarov, Compact selfdual Hermitian surfaces, Trans. A. M.S. 

348, no.8 (1996), 3051-3063. 
[2] V. Apostolov, P. Gauduchon, The Riemannian Goldberg-Sachs theorem, International J. 

Math. 8 (1997), 421-439. 
[3] , Selfdual Einstein Hermitian four-manifolds, Ann. Sc. Norm. Super. Pisa CI. Sci. 

(5), vol. 1 (2002), 203-243. 
[4] V. Apostolov, D. M. J. Calderbank, P. Gauduchon, The geometry of weakly selfdual Kdhler 

surfaces, Compositio Math. 135 (2003), 279-322. 
[5] V. Apostolov, J. Armstrong, T. Draghici, Local models and integrability of certain almost 

Kdhler 4-manifolds, Math. Ann. 323 (2002), no. 4, 633-666. 
[6] J. Armstrong, An ansatz for almost- Kdhler, Einstein A-manifolds, J. Reine Angew. 

Math. 542, (2002), 53-84. 
[7] , On four- dimensional almost Kdhler manifolds, Quart. J. Math. Oxford Ser. (2), 48 

(1997) no. 192, 405-415. 
[8] A.Balas, P. Gauduchon, Any Hermitian metric of constant nonpositive (Hermitian) holo- 

morphic sectional curvature on a compact complex surface is Kdhler, Math. Z. 190 (1985), 

no. 1, 39-43. 

[9] A. Balas, Compact Hermitian manifolds of constant holomorphic sectional curvature, Math. 

Z. 189 (1985), no. 2, 193-210. 
[10] G. Bande, D. Kotschick, The geometry of symplectic pairs, Trans. Amer. Math. Soc. 358 

(2006), no. 4, 1643-1655. 
[11] A. Basse, Einstein manifolds, reprint of the 1987 edition. Classics in Mathematics. Springer- 

Verlag, Berlin, 2008. 

[12] R. Bielawski, Complete hyperkdhler An-manifolds with local tri-Hamiltonian M." -action. 

Math. Ann. 314 (1999), 505-528. 
[13] C. P. Boyer, Conformal duality and compact complex surfaces. Math. Ann. 274 (1986), 517- 

526. 

[14] R. Cleyton, A. F. Swann, Einstein metrics via intrinsic or parallel torsion. Math. Z. 247 
(2004), 513 528. 

[15] S.G.Chiossi, P.-A.Nagy, Complex homothetic foliations on Kdhler manifolds, Bull. London 
Math. Soc. (2011), doi:10.1112/blms/bdr074. 

[16] A. Dcrdzinski, Self-dual Kdhler m,anifolds and Einstein manifolds of dimension four, Com- 
positio Math. 49 (1983), no. 3, 405-433. 

[17] A. J. Di Scala, L. Vezzoni, Gray identities, canonical connection and integrability, Proc. 
Edinburgh Math. Soc. 53, nr. 3, 657-674. 

[18] P. Gauduchon, La 1-forme de torsion d'une variete hermitienne compacte. Math. Ann. 267 
(1984), 495-518. 

[19] P. Gauduchon, Hermitian connections and Dirac operators, Boll. Un. Mat. Ital. B (7) 11 

(1997), no. 2, suppl., 257-288. 
[20] H. Geiges, Symplectic couples on 4:-manifolds, Duke Math. J. 85 (1996), nr. 3, 701-711. 
[21] H. Geiges, J. Gonzalo Perez, Contact geometry and complex surfaces, Invent. Math. 121 

(1995), no. 1, 147-209. 



17 



[22] G. W. Gibbons, S. W. Hawking, Gravitational multi-instantons, Phys. Lett. B 78 (1978) 
430. 

[23] P.-A. Nagy, C. Vernicos, The length of harmonic forms on a compact Riemannian manifold, 

Trans. Amer. Math. Soc. 356 (2004), no. 6, 2501-2513. 
[24] P.-A. Nagy, On length and product of harmonic forms in Kahler geometry, Math. Z. 254 

(2006), no. 1, 199-218. 

[25] P. Nurowski, Einstein equations and Cauchy-Riemann geometry, D.PhiL thesis, SISSA 
(Trieste), 1993. 

[26] S. M. Salamon, Instantons on the A-sphere, Rend. Sem. Mat. Univ. Pol. Torino 40, 3 (1982), 
1-20. 

[27] , Special structures on four-manifolds, Riv. Mat. Univ. Parma,17 (1991), 109-123. 

[28] K.Sekigawa, On some compact Einstein almost Kahler manifolds, J. Math. Soc. Japan 39 

(1987), 677-684. 

[29] K. P. Tod, Cohomogeneity-one metrics with self-dual Weyl tensor, Twistor theory (Ply- 
mouth), 171-184, Lecture Notes in Pure and Appl. Math., 169, Dekker, New York, 1995. 

[30] R. S. Ward, A class of self dual solutions of Einstein's equations, Proc. Roy. Soc. London Ser. 
A, 363 (1978), no. 1713, 289-295. 

(SGC) DiPARTIMENTO DI MATEMATICA, POLITECNICO DI TORINO, C.SO DUCA DEGLI AB- 

Ruzzi 24, 10129 Torino, Italy 

E-mail address: simon.chiossi@polito.it 

(PAN) Institut fur Mathematik und Informatik, Ernst-Moritz-Arndt Universitat 
Greifswald, Walther Rathenau Str. 47, 17487 Greifswald, Germany 
E-mail address: nagypQuni-greifswald.de 



